The recent identification of graphene structures with high degree of crystallinity [1] , extraordinary high stiffness and strength [2] , calls for an understanding of the applicability of classical continuum models in two dimensions (2D). In graphene the carbon atoms are disposed in a geometric structure that closely resembles the basal planes of bulk graphite. Because the usual surface relaxation effects [3] are absent, the in-plane elastic constants can be inferred directly from the well-studied [4] graphite. However, due to the discreteness in the number of layers N, the out-of-plane deformation modes, such as bending, are of a new nanomechanical nature. Plate idealizations are often used for practical investigations [5, 6] . Unfortunately, a validity-check of the plate phenomenology against the underlying microscopic behavior is missing. On the theoretical side, there are difficulties associated with such endeavor, indeed. A simple bending deformation breaks the translational symmetry on which the accurate quantum mechanical (QM) methods are relying on.
The well studied bulk graphite [4] offers a well-defined parameterization for the plate associated to an N-layer graphene: a Young's modulus of 1.02 TPa and a thickness of h = NZ 0 , where Z 0 = 3.35 Å is the interlayer distance. It is well known that this model doesn't scale down to the mono-layer [7] [8] [9] . Indeed, based on the observation that a quadratic approximation to the tensional and bending energy of the mono-layer accurately describes the microscopic data [7] , the second-derivatives of these dependences are interpreted as the elastic in-plane stiffness (C) and bending stiffness (D) parameters of the plate. They serve as input for the isotropic continuum
2 )] and C = Yh. Here ν is the Poisson ratio. Instead of giving the expected values, this approach leads to an unrealistically-high Young's modulus and a thickness even smaller than the diameter of one carbon atom, Table 1 . In spite of the difficulties of defining the mono-layer thickness, the plate can be clearly parameterized by the bending and tension stiffnesses of graphene, and then used to model carbon nanotube assemblies under tension [8] . Because continuum mechanics is a phenomenology, the plate model has been long regarded as valid and useful. However, recent experimentation [10] in mono-layer graphene challenges this view since the measured out-of-plane resonant frequencies are not following the plate inverse-quadratic scaling with length. This suggests the plate idealization of the mono-layer is limited in scope, regardless of the way it is parameterized.
In this Letter we reveal that in the mono-layer, the severe deviation from the parameterization indicated by bulk originates in the breakdown of the plate phenomenology. This is due to the decoupling of bending and tensional deformations, as evidenced here by a bond orbital model that relies on the extension into three dimensions of the σ − π orbital separability [11, 12] . In the multi-layer, we witness the onset of the plate behavior and reveal the role of discreteness by direct microscopic simulations of the pure bending process. These simulations are possible only due to the recent theoretical advances involving objective molecular dynamics (MD) [13] and its coupling [14] with a realistic QM description of the interatomic interactions [density functionalbased tight-binding (DFTB) [15, 16] extended [17] to capture the interlayer van der Waals (vdW) binding].
In the first part, we focus on the mono-layer and capture the essential physics behind the response of chemical bonds to arbitrary bending. To describe our theory based on the concept of bond orbitals [18] , it is appropriate to begin with the well known partitioning of the wavefunction of hexagonal planar graphene in terms of orthogonal sp 2 hybrids pointing toward the nearestneighbors, as well as p z orbitals oriented perpendicular to the plane. Physically, the strong σ bonds formed by the overlap of the nearest neighbors sp 2 hybrids are responsible for the high in-plane stiffness C value shown in Table 1 . The weak π bonds formed by the p z orbitals, sometimes referred to as non-bonding [18] , couple instead to the planar shape. Under a pure bending distortion of the mono-layer around an arbitrary axis, each carbon atom and its three nearest neighbors are no longer planar but located in the corners of a pyramid. This pyramidalization is accounted for using the π-orbital axis vector (POAV) construction [11] . The geometrical tilting of σ i -bonds (i = 1, 2, 3)
by an angle θ, Figure 1 (a), is accomplished in POAV by introducing a degree of p z atomic orbital mixing into the σ i network. Note that to first order in curvature (1/R), the three tilting angles as well as bond lengths are common [12, 19] . Remarkably, the pyramidalization angle θ is sufficient for describing the curvature-induced shift in sp 2 hybridization. Under the orthogonality constraint, the π-states acquire a small s-orbital component
which alters the inversion symmetry, Fig. 1 (a). Parameter λ depends solely on θ, as [11, 12] 
The POAV model does not capture the h π misalignments, Fig 
Note also that inside the plane defined by the axes of σ i and h π , Fig. 1(b) , the angle made by the projection of the h i π axis with the normal direction to the σ i bond is θ. The POAV framework offers an analytical approach to quantify the strain stored in the bent mono-layer. As such we find that the strain energy is dominated by the adjustment of the hopping integrals between the misaligned h π hybrids. Indeed, a geometrical decomposition of the orbitals into s-and p-atomic orbitals oriented parallel and perpendicular to the interatomic separation, followed by a standard second-moment estimate of the bonding energy, yields the bending strain energy density (energy per atom divided by atomic area S 0 = 2.71 Å
2 )
The √ 3 factor reflects the celebrated resonance bonding correction [18] . More insight is obtained in the above expression by introducing the interatomic Hamiltonian matrix elements derived from Harrison's universal scaling rule [18] V ssσ = −4.99 eV, V spσ = 5.37 eV, V ppσ = 8.39 eV, and V ppπ = −2.38 eV. In the first term after the equal sign, the bond strengthening caused by the s presence in h π cancels, within the error of the approximation, the in-plane geometrical misalignment of p z orbitals. Thus, we focus on the second term in which the ϕ i angles can be further related to θ with the help of the sum rule (2) . Using the pyramidalization -curvature
, where a C-C = 1.42 Å is the carbon-carbon equilibrium bond, one obtains
a microscopic expression in accord with the isotropic elastic attributes of the mono-layer. The good agreement with the DFTB data indicates that strain is largely due to the torsional misalignment between the neighboring POAVs.
What is important here is that the preceding bond orbital analysis reveals that the mono-layer doesn't behave as a plate since it exhibits a pure bending curvature without stretching and compressing its σ-network. A bent plate would involve extension (compression) on the convex (concave) sides, hence a coupling between D and C. This is why the earlier plate assumption based Table 1 . The demonstrated continuum breakdown in the mono-layer brings a natural question:
What is the limit of applicability, in terms of N, for the isotropic plate?
In the second part, we approach the above question by carrying out DFTB simulations on a collection of N-layers graphene with N = 2, ..., 9, stacked in the Bernal pattern. In the flat case, the binding energy varied little with N, from 9.265 eV for N = 1 to 9.297 eV for N = 5, and the interlayer spacing Z 0 was practically constant. Simulating a bending deformation poses a fundamental difficulty. Even when bent along the armchair direction, Fig. 2(a) , the translational symmetry along the principal curvature is removed. This makes standard QM calculations adopting translational symmetry intractable. However, the uniformly bent mono-layer can be described with basic repetition rules involving translation operations with T, and rotations of angle Ω performed around the bending axis. These operations are applied to a small objective motif, such as the j = 1, ..., 4 atoms of coordinates X j , Fig. 2(a) . In each bent layer, the atomic coordinates in the cell indexed by integers ζ, η are
The bending angle Ω of the rotational matrix R can take an arbitrary value. In the linear bending regime the structural parameters T and Ω are common for every layer.
The employed microscopic simulation method -objective MD [13] -is crucial in this investigation. Firstly, the introduced simplification in the number of atoms that are explicitly accounted for, enables QM relaxation calculations that otherwise would be beyond reach. In a bent N-layer graphene, eq. (5) represents the objective boundary conditions imposed over the 4N atoms, the analogous of the standard periodic boundary conditions of periodic MD. Thus, the method allows simulating the large scale linear bending process of both mono-and N-layered graphene by considering a minimum of 4N atoms. Secondly, the method allows us to impose pure bending, a condition of stress where only a bending moment is being applied. Because under the objective boundaries (5) the only constraint imposed on the simulation cell is Ω, the atomic positions are free to move away or toward the rotation axis of R and thus to relieve in-plane strains [20] . Fig. 2(c) illustrates the bending response of the bonds oriented along the principal curvature direction, on which the bending load is transferred most effectively. As expected, the equilibrium 1.42 Å value is maintained only in the bent mono-layer. For multi-layers, there is a splitting with N, indicating that the bent N-layer is stretched at some points and compressed at others, in agreement with the plate phenomenology. We even noted that the microscopic response can be described with the assistance of the invariant neutral surface, on the opposite side of which there is extension and compression, Fig. 2(b) . It is important to further note that through our boundary conditions (5), the curvature of bent graphene is not imposed but is the result of the relaxation [20] . The curvature of the neutral surface becomes a good definition for the curvature of the whole N-layer.
E b maintains a quadratic dependence on 1/R for all N. The accumulation of in-plane strain becomes obvious in the separation with N of the strain energy curves (shown per atom) in Fig. 3(a) .
The strain stored in the mono-layer appears negligibly small even with respect to the bi-layer.
Studying the energy differences between successive N-layered graphene at constant 1/R, one concludes that there is an increased strain in the outermost and innermost layers as N grows. We infer that the main source of strain is the extension and compression of the constituent layers and that
b interpretation is now justified. In mathematical terms, this means
ε n is the in-plane strain stored in the n th layer. It was measured inside the objective domain, as the change in length along the principal curvature with respect to the RΩ length of the neutral line, Fig. 2(a) . Expressing ε n function of R and Z 0 , gives [21] D ≈ 2CZ
For N ≥ 2, the D values predicted by eq. (7) using C=26.6 eV/Å are in agreement with those determined by second-order polynomial fits to the DFTB energy's dependence on 1/R, Fig. 3(b) and Table 1 , confirming the plate phenomenology.
The Y and h values obtained by using the plate relations and the DFTB computed E ′′ b , Fig. 3 (c) and (d) converge quickly to the bulk. The small deviations at small N are a signature of discreteness. Indeed, the effect can be captured analytically by noting the resemblance of eq. (7) with the standard thin-plate relation. One obtains
Thus, for N ≥ 2 the N-layered graphene behaves with a 1/2N 2 error, like a plate, parameterized by a C/Z 0 Young's modulus and a NZ 0 thickness. Interestingly, h = 0 obtained for N = 1 corresponds to the membrane without thickness model [10] . Then, the D = 0 value indicated by eq. (7) and entered in Table 1 , shows the inability of this membrane to capture the QM POAV misalignment.
In conclusion, our QM microscopic investigation reveals that the bending strain in mono-layer and multi-layer graphene arises from different sources. The mono-layer can easily curve only by introducing a π-orbital misalignment between adjacent pairs of carbon atoms. The lack of σ-bond participation proves the breakdown of the plate phenomenology. This result has implications for a broad class of phenomena, where the graphene mono-layer bubbles [22] , scrolls its edges [23] , ripples [24] , and twists [25] in spite of its enormous stiffness. In multi-layer, the vdW forces are mediating the load transfer between layers and bending involves extension or compression of the σ bonds. The plate phenomenology is now fulfilled. It was shown before [26] that the electronic structure also evolves with N, and approaches the graphite limit at N = 10. Here we obtained that the bulk plate model can be applied even at N = 3 with only a 6% error. Our result fully supports the plate treatment applied to multi-layer graphene in experiments [5, 6, 27] involving out-of-plane deformations without layer-sliding. 
